Abstract. This paper is devoted to the Q-curvature type equation with singularities; mainly we give existence and regularity results of solutions. To have positive solutions which will be meaningfully in conformal geometry we restrict ourself to special manifolds.
Introduction
In 1983, Paneitz [16] introduced a conformal fourth order operator defined on 4-dimensional Riemannian manifolds by
where ∆ g u = −div g (∇ g u) is the Laplacian of u with respect to g, R g is the scalar curvature with respect to g and, Ric g is the Ricci curvature of g .
Branson [6] generalized the notion to manifolds of dimension n ≥ 5 by letting ∆ g R g + n 3 − 4n 2 + 16n − 16
Both operators P n−4 g and n ≥ 5, ϕ ∈ C ∞ (M ). P 4 g is the analogous of ∆ g in dimension 2 while P n g is the analogous of the conformal Laplacian L g u = ∆ g u + n−2 4(n−1) R g u. Fourth order equations of Sobolev growth have been the subject of intensive investigation the last tree decades because of theirs applications to conformal geometry, in particular to Paneitz-Branson operators; we refer the reader to [2] , [3] , [4] , [5] , [7] , [10] , [11] , [12] , [13] , and [16] . These equations are also interesting because of theirs analogues in the second order which give applications to the conformal Laplacian. Recently Madani [17] , has considered the Yamabé problem with 1 singularities which he solved under some geometric conditions. In this work we deal with the Q-curvature type equation with singularities which is of the form (1.1)
where the function a(x) and b(x) have singularities of order 2γ and 4α respectively, with γ, α ∈ (0, 1) and N = 2n n−4 is the Sobolev critical exponent of the embedding H 2 2 (M ) ֒→ L N (M ). Mainly we give an existence result of solutions. Because of the lack of a maximum principle for fourth order elliptic equations, finding positive solutions is a hard question in the general case so to have positive solutions which will be meaningfully in conformal geometry we restrict ourself to special manifolds. Our results state as follows Theorem 1. Let (M, g) be a compact n-dimensional Riemannian manifold, n ≥ 6,
, f ∈ C ∞ (M ) a positive function and P ∈ M such that f (P ) = max x∈M f (x).
We suppose for n > 6 R g (P ) + 4 − n 2n(n − 2)(n 2 − 2n − 4) ∆f (P ) f (P ) > 0
and for n = 6, R g (P ) > 0.
Then the equation (1.1) has a solution of class C 3−( As Corollary of Theorem 1, we have Corollary 1. Let γ ∈ (0, 2), α ∈ (0, 4), if we suppose for n > 6 R g (P ) + n 2 − 2n − 4 2n(n − 1) a(P ) + 4 − n 2n(n − 2)(n 2 − 2n − 4) ∆f (P ) f (P ) > 0 and for n = 6, R g (P ) > −3a (P ) .
Then the equation (1.3) has a solution of class C
In the sharp case γ = 2, α = 4, let γ,α as in section 4, we get
2 , then the equation
has a non trivial solution.
When (M, h) is a compact flat manifold, let g = Ah where A = e −ρ 2−ρ and α ∈ (1, 2) and ρ is given by (1.2), we give a geometric interpretation of ours results Theorem 3. Suppose that the manifold (M, h) is a compact flat of dimension n 6 and consider the coformal metric g = Ah, where A = e −ρ 2−α , α ∈ (1, 2) and ρ sufficient small. Let f be a C ∞ positive function on M and P ∈ M such that f (P ) = max x∈M f (x).
We suppose for n > 6
then there exists a metric g conformal to g and of class C
where p is as in Theorem 1, such that f is the Q-curvature of the manifold (M, g).
Our paper is organized as follows: in the first section, we give an Hardy inequality on compact manifolds, in the second one we establish the regularity of the Paneitz-Branson operator which leads us to construct the Green function to the Schrödinger biharmonic operator this latter allows us to obtain a priori estimates to a solution of some biharmonic equation. The third section is devoted to the study of the Q-curvature equation with singularities of order 0 < γ < 2 and 0 < α < 4. In the fourth section we consider the sharp singularities i.e. γ = 2 and α = 4. In the last section, we give an interpretation in conformal geometry.
Hardy inequality on compact manifolds
Let (M, g) be a compact n-dimensional Riemannian manifold. We consider the space
where ρ is the function defined above and γ ∈ R. The space L p (M, ρ γ ), endowed with the norm u p p,ρ γ , is a Banach space and we have
Lemma 1. ( Hardy inequality )
For any function u ∈ C ∞ o (R n ), there exists a constant C > 0 such that
where p, q and γ real numbers such that
The optimal constant in 2.2 will be denoted by K(n, l, γ, β) and K(n, l, γ) when β = 0.
From the above lemma, we obtain Lemma 2. Let (M, g) be a compact n-dimensional Riemannian manifold, n ≥ 5, and p, q and γ real numbers satisfying
For any ε > 0, there is a constant A(ε, q, γ) such that
pi , is an associated atlas and (η i ) 1≤i≤m is a partition of unity subordinated to the covering {B i } 1≤i≤m .
Let
may be considered as a function defined on R n by extending it by 0 outside the support, so applying inequality (2.2), with β = 0 and l = 2 to f , we get
. Now, we have to express the derivatives of the function f in terms of the Euclidean derivatives. If the coordinate system is normal at a point P ∈ M , the expansion of the metric tensor at P writes as Q
where ρ = d(P, Q) < δ(M ), and the expansions of the Christoffel symbols are of the form Γ
we obtain that
To estimate the rectangular term, we use the inequality ab ≤ ηa 2 + b 2 4η valid for any positive real numbers a, b, η and get for any ε > 0, there is a constant C(ε) such that
and similarly, we obtain
Since M is compact there exist constants λ, µ with 0 < λ ≤ |g| ≤ µ.
where |x| = d(P, Q) < δ(M ) denotes the injectivity radius and Q = exp P x. So by the inequality (2.3) we write
Taking account of the inequality (2.5) and of the following inequality, let a, b, s ≥ 1 be positive real numbers, for any
From the interpolation formula ( see [1] page 93 ), for any η > 0, there is a constant
applying the inequality (2.6) and letting the injectivity radius small enough so that λ and µ are close to 1, we get, for any ε > 0 there is a constant A(ε, q, γ)
As a corollary of Lemma 2, we have the following Sobolev inequality Lemma 3. Let (M, g) be a compact n-dimensional Riemannian manifold, n ≥ 5, and p, γ real numbers satisfying
. In fact, it is known on compact manifold (see [1] page 115) that there is a constant c > 0 such that
and our formula follows from the interpolation formula (2.7). Now we derive a Kondrakov type result
) be a compact n-dimensional Riemannian manifold and p, q, γ < 0 real numbers such that
Proof. The first part of Lemma 4 is a consequence of Lemma 2. To prove the second part of Lemma 4, we consider the following inclusions H
and we have to show that the first inclusion is compact and the second one is continuous. By the Kondrakov's theorem we must have
The Hölder inequality allows us to write
with r ′ = r r−p and r > p. The second integral in the right-hand side of (2.9) will be convergent if
Now, we quote the following Lemma due to Djadli-Hebey-Ledoux [10] and improved by Hebey [12] which will be used in the sequel of this paper.
Lemma 5. Let M be a Riemannian compact manifold with dimension n ≥ 5. For any ǫ > 0 there is a constant A 2 (ǫ) such that for any u ∈ H 2 , u
, where K 2 is the best Sobolev constant.
Regularity of the Paneitz-Branson operator
The Green function of the Laplacian operator G : M × M → R, (P, Q) → G(P, Q) is defined as the solution in the distribution sense to the equation
where V (M ) is the Riemannian volume of M . So for any ϕ ∈ C ∞ (M ), we have
Multiplying (3.2) by G(Q, .) and integrating over M , we get (3.3)
and letting
According to Giraud's lemma [14] ,
Hence G 2 is the green function of the bi-harmonic operator. Suppose now that b ∈ L p (M ). We put Γ o (P, Q) = G 2 (P, Q) and define recursively for j 1,
Γ j is well defined and by Giraud's lemma [14] 
For Q ∈ M , we consider a function u Q ∈ C 4 (M ) , γ ∈ (0, 1)which will be determinated later and define, for m >
The first integral of (3.5) reads
and plugging (3.6) in (3.5), we obtain
So solving the equation ( 3.5 ) is equivalent to solve the following equation
Consider the functional T Q defined on H 2 (M ) by
It obvious that the functional T Q is continuous on the Hilbert space H 2 (M ), so since the operator u → M uP (u) dv g is coercive it follows by Lax-Milgram theorem that there is a unique u Q ∈ H 2 such that for any
that is to say u Q is a weak solution of the equation (3.7) and by classical regularity arguments, we get that u Q ∈ C 4,γ (M ) where γ ∈ (0, 1).
,loc (U ). We extend the functions ξ, u n by 0 outside U to have a functions defined on all M and by applying the formula (3.1), we get
Now we compute
Also we have
Letting
and
with h n = P (u n ) we infer that
which goes to 0 as n goes to +∞.
In the same way if we put
we obtain
and almost every in U . The same is also true for the remaining terms of the right side hand of (3.9) and we get the required formula. Now we recall the definition of Kato-Stummel space, Definition 1. Kato-Stummel space K n (U ) is defined as the space of measurable functions f : U → R such that for every t > 0,
where U denotes an open set of M and χ U is the characteristic function of U .
We consider the C ∞ -function η : R → [0, 1] with compact support given by
0 for |t| ≥ 1 and for any P , Q ∈ M , we put
and for R ∈ M , S ∈ U , with R = S, we put
where l = (j + 1) (n − 4) − jn 1 − 1 p , j ≥ 1, any integer 0 < δ < d(S, ∂U )/4 and d (S, ∂U ) is the distance from S to the boundary ∂U of U .
First we quote the following useful lemma [17] Lemma 7. There exists a constant c (n) > 0 such that
Now, we give a representation formula to the solution of equation (1.1)
Proof. Let S ∈ B ro (Q o ) and consider the function
So by letting Q = S, we get the desired formula.
Theorem 4. Let f ∈ K n (U ) and u ∈ H 
On the other hand if we denote, respectively, by J i , i = 1, ..., 10, the terms of the second right hand of the equality (3.10), we obtain (3.12)
≤ c 1 (n) j 1 with
where l = (j + 1) (n − 4) − jn 1 − 1 p , j ≥ 1, any integer and c 1 (l) is a constant depending on l.
Letting S ∈ B ro (Q o ), multiplying j 1 by
and integrating over M , we get by the Fubini's formula
and taking account of Lemma 7, we get
taking account of
and since ϕ f (δ, B 3δ (S)) → 0 + as δ → 0 + , we choose δ > 0 such that
Hence J 1 < +∞ and |J 1 | < +∞ By the Giraud's Lemma [14] , we get
and by Lemma 7, we obtain
By the same procedure as above and applying repeatedly Lemma 7, we get that all the remaining terms of the formula (3.10) are bounded and the solution u of the equation 3.11 is locally bounded.
Q-curvature type equation
Let (M, g) be a compact n-dimensional Riemannian manifold, n ≥ 5, we consider the following fourth order equation .1), we use the variational method. For any u ∈ H 2 (M ), we let
be the energy functional and consider the Sobolev quotient, for any u ∈ H 2 (M )−{0}
Since s > n 2 , Sobolev inequality leads to ∇u
and since |∇ |∇u|| ≤ ∇ 2 u we obtain
. Now by an interpolation inequality ( see Aubin [1] , p. 93 ), for any η > 0 there is a constant C(η) > 0 such that for any u ∈ C ∞ (M )
Independently, we have on compact manifolds we have the well known inequality (see Aubin [1] , p.113) )
so there is a constant β > 0 such that (
. Choosing η so that 1 − ηβ > 0 and taking account of the density of C ∞ (M ) in H 2 and the inequality (4.3), we obtain
Consequently, (4.2) becomes
Since u ∈ A, we can write that
and η being arbitrary, so if
Let (u i ) i ⊂ A be a minimizing sequence of the functional J i.e.
. By (4.8) and (4.10), we obtain ∆u i 2 < +∞ and by (4.6), (4.9) and Hölder's inequality we infer that
Up to a subsequence, there is u ∈ H 2 (M ) such that (1) and by definition of the sequence (u i ), we obtain
Brezis -Lieb lemma allows us to write
and the inequality (4.11) will be written as
By Sobolev's inequality we infer that
If we let
and choosing ε > 0 small enough such that
we obtain ∆v i 2 2 = o(1). Hence (v i ) converges strongly to 0 in H 2 (M ) and (u i ) converges strongly to u in H 2 (M ) and in L N (M ). We conclude that u ∈ A is a non trivial solution of the equation
Now, we are going to establish the regularity of u to do so we first show that the function h = −f |u| N −2 is a Kato-Stummel function. Using Hölder's inequality, we get
where C > 0 is some constant.
The remaining part to check that the function h is a Kato-Stummel is the same as in [17] so we omit it.
We conclude that the solution u of the equation (4.13) is locally bounded and in fact bounded since the manifold M is compact.
Hence, we get that
By classical regularity theorem and the Sobolev embedding ∆u ∈ H
Let α,γ be real number and consider the equation (4.14)
where a and Q g are smooth functions on M . We put, for any u ∈ H 2 (M )
As a corollary to Theorem 5, we have
, then the equation (4.14) has a non trivial solution u γ,α ∈ A, which fulfilled J γ,α (u) = Q γ,α (M ) and u γ,α ∈ C
M ) with 0 < γ < 2, 0 < α < n p < 4 and Theorem 6 follows from Theorem 5.
5. The sharp case γ = 2, α = 4
In the previous section we have shown that if γ ∈ (0, 2), α ∈ (0, 4) and
−2 , the equation
We will show the following Theorem 7. Suppose that 1 + Q g (P )K(n, 2, −4) 2 > 0 and
has a non trivial solution u 2,4 ∈ A, which fulfilled J 2,4 (u) = Q 4 (M ).
Proof. First we show that Q 2,4 (M ) is finite. Since Q g is continuous, for any ε > 0, there is δ > 0 such that for any Q ∈ M , with d(P, Q) < δ and
By Lemma (3), we have
Combining (5.2) and (5.3), we get
and since we have also
and by Hardy's inequality (2)
and taking again of relation (4.7)
As in previous sections, we get
If 1 + Q g (P )K(n, 2, −4) > 0 and letting ε and η small enough the inequality (5.6) becomes
In the second step, we will show that Q γ,α (M ) → Q 2,4 (M ) as α → 4.
Let 0 < δ < min(1, δ (M )), where δ(M ) denotes the injectivity radius, then
and by the Lebesgue dominated convergence theorem, we obtain that
The same arguments are also true for
and by passing to the infimum over u such that M f |u| N dv g = 1, we get
In this third step, we will show that the sequence (u α ) is uniformly bounded in H 2 (M ). This sequence satisfies
2 < +∞ and by the inequality (4.7), ∇u α 2 2 < +∞. Up to a subsequence (u α ) converges weakly in
The weak convergence in H 2 (M ) and the strong convergence of ∇u α → ∇u allow us to write
) and the dominated Lebesque con-
In this last step, we will prove that u is not trivial. By Sobolev's inequality (5), we have
Since u α are solutions (5.1), for any η > 0, (5.9)
And since as it is shown in previous sections
where β > 0 and arbitrary η > 0 such that 1 − ηβ > 0. And also by Sobolev's inequality (5)
Plugging (5.10) and (5.11) in (5.9), we get
and taking η so that
So if
by letting ε, ε 1 , and η small enough, we get (5.15)
and replacing in (5.8)   (K(n, 2) 2 + ε)
(1 + η)Q γ,α (M )(K(n, 2) 2 + ε) 1 + (1 + η) (min(Q g (P ), 0) − ε) (K(n, 2, −α) 2 + ε 1 ) .
If we let a n = 4 n 5 − n 4 − 18n 3 + 48n 2 − 56n + 36 16 (n − 1) 2 (n − 2) 2 and b n = n (n − 4) 8(n − 1) we get (6.3) α 2 − 4 β = −∆ 2 log A + n 2 |∇ log A| 2 a n −∆ 2 log A + n 2 |∇ log A| Also α will be positive if ρ < ρ 2 = 2 (n − α) n (2 − α)
Finally α 2 − 4 β will be positive if ρ < ρ 3 = α (2 − α) (n − α) (n − 2 − α) a n b n + (α − 1) (2 − α) 2 n (n − 2 − α) a n 1 2−α The Paneitz-Branson operator P expresses as
Given a smooth positive function f on M , the problem is to find a metric g conformal to the metric g whose Q-curvature is f . Then there exists a metric g conformal to g such that f is the Q-curvature of the manifold (M, g). + o (ǫ) .
The expansion of B δ (P ) f (x)ϕ N ǫ (r) dv g has been computed in [4] and is given by 
